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Abstract. We study realizations of Galilei groups acting as transformation Lie groups in the
space of two independent variables and one dependent variable. Classification of realizations of
the Lie algebrastG1(1, 1), AG2(1, 1), AGa(1, 1), AG1(1, 1), AG2(1, 1) and AG3(1, 1) within

the class of Lie vector fields is carried out. Utilizing the classification results we have constructed
the full sets of second-order scalar differential equations in two-dimensional spacetime invariant
under the Lie algebrag G1(1, 1) and AG1(1, 1).

1. Introduction (basic notations and definitions)

A usual restriction imposed on the choice of a mathematical model (differential equation(s))
in non-relativistic physics is that it has to obey the Galilei relativity principle. This means
that on the set of solutions of the differential equation in question some realization of the
Galilei group is to be realized. Consequently, to be able to present a complete set of all
possible equations satisfying the Galilei relativity principle one has to solve an intermediate
problem of describing all inequivalent (in some sense) realizations of the Galilei group by
Lie vector fields [1-4].

In this paper we turn to non-relativistic theories, namely, Galilei invariant onestit 1
dimensions and construct the most general equation

F(t, X, U, Up, Uy, Upgy Upy, Uyy) =0 1)

invariant under the Galilei group. In equations (&}, x) is a real-valued scalar function,
subscripts denote partial derivatives, ands a smooth real-valued function of the indicated
variables.

The set of equations (1) contains, in particular, such linear and nonlinear Galilei invariant
equations as the heat, the Burger’s and the modified Burger's equations [1, 2, 5]. ‘Invariance
is always meant in the ‘strong’ sense, i.e. if a equation (1) is invariant under some one-
parameter group expQ, then this equation is annihilated by the second-order prolongation
pr@Q of Q everywhere, not only on the solution set of (1).

The first step in the derivation of invariant equations is to realize the Lie algebra of the
assumed symmetry group in terms of vector fields on the sgagd/ of independent and
dependent variables. In our caséjs the two-dimensional space with coordinates and
U is the space of real scalar function&, x). The vector fields will all have the form

Q=1(t,x,u)d, +&(t, x,u)d, + n(t, x,u)d, (2)

1 E-mail address: lahno@pdpi.poltava.ua
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wherert, &, n are some sufficiently smooth real-valued functions on the spageU .
LetAL = (Q1,..., Oy) be alie algebra and its basis operat@rssatisfy commutation
relations

[Qka Qm] = Clilm Qn (3)

whereC},, are real-valued constants (structure constatsy,n =1,2,..., N.

We say that operatorg);(i = 1,..., N) of the form (2) realize a representation
(realization by Lie vector fields) of the Lie algebre. if:

e they are linearly independent,

e they satisfy the commutation relations (3).

It is straightforward to verify that relations (3) are not altered by an arbitrary invertible
transformation of the independent and dependent variables

' =h(t, x,u) x =g, x,u) u' = f(t,x,u) (4)

wherenh, g, f are sufficiently smooth functions. Invertible transformations (4) form a group
(called a diffeomorphism group) which establishes an equivalence relation on the set of all
possible realizations of the Lie algebral.. Two realizations of the Lie algebral are
called equivalent if the corresponding basis operators can be transformed into one another
by a change of variables (4).

In what follows we make use of the following classification of Lie algebras of Galilei
groups (called in the following the Galilei algebras) [6].

The Lie algebradG1(1, 1) = (T, P, G) is called theclassicalGalilei algebra if its basis
operators satisfy following commutation relations:

[T,P]=0 [T,G]=—P (5)
[P,G] =0. (6)

The Lie algebradG,(1,1) = (T, P, G, D) is called thespecial Galilei algebra if its
basis operators satisfy the commutation relations (5), (6) and the relations

[D,P]=—P [D,G] =G [D,T] = —2T. (7)

The Lie algebraAGs3(1,1) = (T, P, G, D, S) is called thecompleteGalilei algebra if its
basis operators satisfy commutation relations (5)—(7) and relations

[$,G] =0 [S,P]=G [T,S]=D [D, S] = 25. (8)
Let an operatoM satisfy the following commutation relations:

M. T]=[M,P]=[M.G]=[M,D]=[M,S]=0 ©)

[G, P] =M. (10)

The Lie algebrastG1(1, 1) = (T, P, M, G), AG»(1,1) = (T, P, M, G, D), AG3(1, 1)
= (T, P, M, G, D, S) are called theextended classicabalilei algebra, thextended special
Galilei algebra, thextended complet@alilei algebra (the Scbdinger algebra) if their basis
operators satisfy commutation relations (5), (7)—(10).

Note that the Burger’'s equation is invariant under the complete Galilei algebra.
Furthermore, the heat and the modified Burger’s equations are invariant under the extended
complete Galilei algebras [1, 2, 5]. Rideau and Winternitz [7] have obtained a complete
description of the realizations of the extended classical Galilei algebra and its generalizations
provided the generators of the timE, space P and phaseM translations can be
simultaneously rectified to become

T =39, P =20, M =0, (11)
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(Note that they considered the case of two dependent and two independent variables.) The
results were used to obtain the general forms of the second order evolution equations

l//t + F(tvx9 I/fv w*v l//X’ dj;kv I/IXX’ W;:x) = 0

invariant under theAG1(1, 1), AG»(1, 1) and AG3(1, 1) algebras.

As noted by Zhdanov and Fushchych [8, 9] this is an additional restriction that does
not follow from the definition of realization of a Lie algebra and thus leads to losing some
classes of Galilei-invariant equations. They have completed the classification of realizations
of the extended classical, extended special and extended complete Galilei algebras in two
independent and two dependent variables. This approach has also been applied to classify
all scalar equations of the form (1) invariant under the Poincaxtended Poincarand
conformal algebras [10, 11].

The above papers by Rideau and Winternitz and by Zhdanov and Fushchych consider
the case of the extended classical Galilei algebra, which meand#thiat0. In this paper
we study both the cas# # 0 and the case of vanishing, which means that we also
take into consideration realizations of the classical Galilei algebra. What is more, we do
not require that the operatos, P, M are reducible to the form (11). The last remark is
that we construct the general Galilei-invariant equations (not only evolution type ones) for
one function of two variables.

This paper is organized as follows. In sections 2 and 3 we obtain all realizations of the
Lie algebrasAG1(1, 1), AG2(1, 1), AGs(1,1), AG1(1, 1), AG2(1,1), AG3(1, 1) by Lie
vector fields (LVFs) (2). In section 4 we obtain second-order differential invariants of the
prolonged group action for the above groups which yields the Galilei-invariant equations (1).

2. Realizations of the classical, special and complete Galilei algebras

Before formulating the principal assertion we give an auxiliary lemma.

Lemma 1.Let T, P be mutually commuting linearly independent operators of the form (2).
Then there exists transformation (4) reducing these operators to one of the forms below

T =3, P=-d (12)
T =0, P = —xd,. (13)

Proof. Let A be a 2x 3 matrix whose entries are coefficients of the operafarg.

Case 1: rankA = 2. It is a common knowledge that any non-zero opergoof the form

(2) having smooth coefficients can be transformed by the change of variables (4) to become
Q' = 9y, (see, e.g. [1]). Consequently, without loosing generality, we can suppose that the
relationT = 9, holds (hereafter we skip the primes). As the operd&aommutes withT",

its coefficients do not depend ani.e.

P =1(x,u)d; +&(x, u)dx +n(x, u)d,.

By assumption, one of the coefficientst, » is not equal to zero. Without loss of generality,
we can suppose that # 0 (if this is not the case, we make a change> u, u — x).
Performing the transformation

' =t+ f(x,u) x' =g, u) u' =h(x,u)
where the functiong, g, h are solutions of partial differential equations (PDES)
Pf+1=0 PE=-1 Ph=0
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we reduce the operatois, P to becomeTl = 9;, P = —0,.

Case 2: rankA = 1. If me make transformation (3) reducing the operafoto the form
T = 9;, then the operatorP becomesP = t(x,u)d, (the functiont does not depend
ont becausel’ and P commute). Ast # constant (otherwise the operatdfsand P are
linearly dependent), making the change of variables

D(z, h)

D(x,u) 70

transforms the operatofg, P to beT = 9,, P = —x0;. O

=t x' = —t(x,u) u' = h(x,u)

Theorem llnequivalent realizations of the classical Galilei algebra by LVFs (2) are
exhausted by the following realizations:

1) T =20, P =—0, G =10,

2T =3, P=-0 G = ud, + 19,
Q)T =3, P =—0, G =10, +9,

A T=5 P = —xd, G = xtd, + x°0,.

(14)

Proof. To prove the theorem it suffices to solve the commutation relations (5), (6) for the
basis operator¥, P, G of the classical Galilei algebra within the class of LVFs (2) up to the
action of the diffeomorphism group (4). All inequivalent realizations of the two-dimensional
commutative algebra having the basis operalgrg are given by formulae (12), (13). What
is left is to solve the commutation relations for the generator of the Galilei transformations
G =rt(t,x,u)d + &, x,u)dx +n(t, x,u)d,
[T,G] =—P [P,G] =0 (15)

for each set of operatorg, P listed in (12), (13).

Let operatorsT, P have the form (12). From the commutation relations (15) we find
that G must have the form

G =1W)d + (1 +5W))dx + n(u)d,. (16)
If in (16) n = 0, then performing the transformation

' =t+§& x'=x u =u
we reduce the operatofs P, G to the form

T =20, P=—0 G=%W)dy +10y. (17)
If in (17) T = constant, then operatorB, P, G realize a representation of the algebra
AG1(1, 1) that is equivalent to the first realization from (14). Next, if in (X7)# 0, then
performing the transformation

" /

=t =y y// — f(u/)

we reduce the operatofs P, G to the form 2 from (14).
If in (16) n # 0, then performing the transformation

t'=1t+h(u) x'=x+g) u' = f(u) Ju#0
where the functiong, g, f are solutions of equations
Gh+t=0 Gg+&=h Gf=1
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we reduce the operatoi, P, G to the form 3 from (14).
Finally, let the operator§’, P be given by (13). From the commutation relations (15)
we find thatG must have the form

G = [tx + t(x, u)]0y + x20y + n(x, u)d,.
Performing the transformation

' =t+h(x,u) X' =x u' = f(x,u)
where the functiong, f are solutions of PDEs

T +x%h, + nh, = xh x*fe+nf.=0

we reduce the operatof®s P, G to becomel = 9, P = —xd,, G = xtd, + x2d;. O

Corollary 1. Inequivalent realizations of the special Galilei algebra by LVFs (2) are
exhausted by the following realizations:

DT =34 P=-0, G = 13,

D = 2t0; + x0, + €ud, e=0,1 (18)
2 T =3, P=—d G =10, + 0,

D =263, +x0, + (. — u)d, LER (19)
BT =4 P = —xd, G = x1dy + x%0

D = 2t9, + x0, + €ud, e=01 (20)
4 T =0, P =—0, G =ud; +to,

D = 2t3, + xdy + 3ud,. (21)

Corollary 2. Inequivalent realizations of the complete Galilei algebra by LVFs (2) are
exhausted by the following realizations:

(L) T, P, G, D have the form (18), where= 0

S = 129, + txd,

(2) T, P, G, D have the form (18), where=1

S =129, + (tx + eq>)d, + u(t + ru?)d,

wheree; =+1, L€ R, ore; =0,A =0, £1

(3 T, P, G, D have the form (19)

S =128, + 1xdy + (x + (A —u)t)d,, L € R

4 T, P, G, D have the form (20), where=0

S =129, + xtd,.

Proof of corollaries 1, 2 is analogous to that of lemma 1 and theorem 1. It should be noted
that the realization (21) is not extendable to a realization of the complete Galilei algebra.

3. Realizations of the extended Galilei algebras

We start by constructing inequivalent realizations the operdtoi?, M.
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Lemma 2.Let T, P, M be mutually commuting linearly independent operators of the form
(2). Then there exists transformations (4) reducing these operators to one of the forms
below

T=8  P=-3, M=, (22)

T=08  P=-08,  M=a)d +Bud (23)
d

T =3, P=—xj, M =y (x)8, a” -+ constant (24)

T=08  P=-x3  M=2ud (25)

T == 8; P = —xat M == Zau. (26)

Herea(u), B(u) are arbitrary real-valued functions ahd,, | + | 8, |# 0.

Proof of lemma 2 is analogous to that of lemma 1 (see also [8, 9]).

The obtained realizations (22)—(25) can be further extended@g(1, 1) by adding
an operatorG. Once the commutation relations (5), (9), (10) are satisfied, further
transformations respecting the form of the realizationsAdf;(1, 1) can be performed.
The realization (26) of the operatofs P, M cannot be extended to a realization of the Lie
algebraAGl(l, 1). We present below the final results of our calculations.

Theorem 2lInequivalent realizations of the extended classical Galilei algebra by LVFs (2)
are exhausted by the following realizations:

DT =0 P=—a M =2d,,G =td, +xd,
) T =9, P=—0, M = @3, + ud,

G = x@d; + (1 + xu)d, + w? + ¢)d,, wherep =0 or
¢ = @(u) satisfies relation @C¢ —1) = u? C € R

3T =34 P =—xd M =y (x)d, @7)

G = xtd, + (x> — y(x))d,, Wherey = y(x) (%’ # o>

satisfies relatiolCy? + 2y = x?,C € R
DT =0 P =—xd M = 2ud,
G =1txd + (x2 = 2u)d, + uxd,.

Each of the realizations obtained in theorem 2 can be extended to realizations of the extended
special Galilei algebra by adding a dilation operafor Its form is determined by the
commutation relations (7), (9) and can be further simplified by transformations (4). The
corresponding results are given in corollary 3.

Corollary 3. Inequivalent realizations of the extended special Galilei algebra by LVFs (2)
are exhausted by the following realizations:

D T=2o P =—0, M =3,
G =10, + x0, D =23, +xd, + 13, A € R (28)
@ T=20 P =—0, M = ¢d; + ud,

G = x¢d, + (t + xu)d, + (u? + 9)d,

D = 210, + x0, + ud, p=00rp=—32u? (29)
BT =4o P = —xb, M = 3x?),

G = xto; + %xzax
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D = 2t9, + x0, + €cud, e=0,1 (30)
@A T=29 P = —x0, M = 2uo,
G = tx0, + (x> — 2u)d, + uxo, D = 2t3, + x0y + 2ud,. (31)

Thus obtained realizations (28), (29) of the extended special Galilei algebra can be
extended to the realizations of the extended complete Galilei algebra (th&dSaier
algebra) by adding a generatSrof projective transformations. Its form is determined
by the commutation relations (8), (9) and can be further simplified by transformations (4).
Proceeding as above, we find that the realizations (30) and (31) cannot be extended. We
present the results of our calculations in corollary 4.

Corollary 4. Inequivalent realizations of the extended complete Galilei algebra by LVFs (2)
are exhausted by the following realizations:

() T, P, M, G, D have the form (28)
S =128, +1x0y + 3x° + A3, A € R
(2 T, P, M, G, D have the form (29)
S = (1% — 3x%u®)d, + (tx + 3x%u)d, + (t + Sxu)ud,.

4. On Galilei-invariant PDEs

In order to obtain invariant equations we use the usual Lie infinitesimal routine [1]. Let
QO.,a=1,..., N, be a basis for the Lie algebr&L of the symmetry group, acting on the
spaceX ® U. In our caseX ® U is the spacer, x, u) and all 9, have the form (2). The
equation (1) is invariant under a Lie algebtd. if the function F satisfies system of PDEs

pr?0,-F=0 a=1...,N (32)

where pr® Q, is the second prolongation of the operat@y.

Thus all what we have to do is to find the characteristic for the set of equations (32).
The characteristics provide us with a set of elementary invari&fitsx, u, u,, u,.), where
(n,v=t,x),k=1,...,s, so that an invariant equation reads as

W(Jy,...,J,)=0. (33)

We look for invariants of the Galilei groups for each realization of the corresponding Lie
algebras given in theorems 1 and 2. The number of variables in (1) and (32) is eight. The
algebrasdAG1(1, 1) and AG1(1, 1) are solvable and the generic orbits of the corresponding
prolonged group action are three- and four-dimensional, respectively. In view of these facts
there are five and four functionally independent invariants, respectively.

The result of our calculations can be summarized as follows.

(1) Elementary invariants of the classical Galilei algebra

(1) Ji=u Jo = u, J3 = Uty — Uyl
Ja = gty — uzzx J5 = Uy, (34)
2 Ji=u Jo = u;z(ut2 + 2u,)

-3r,,2 2 2
Ja = u Uiy, — 2uuxttyy + uSuy] Jo = Uply — U,
_Ar 2 2 -3
Js = o (Ul — 2uuyutg, 4w ] 4w [uet — uitgg]. (35)
) J1=u; +uu, Jo = u, J3 = Uty — Uy

Jy = UrtUxy — Mzzx J5 = Uxx- (36)
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4 Ji=u Jo = xuy J3 = xzu,,
Ja= x3[u12 + x (o — qutt)]
Js = x4[u12 + 2x (Uit — UyUy) — xz(u,tuxx — ui)]. (37)
(2) Elementary invariants of the extended classical Galilei algebra
D Zi=u+ %u)zc 20 = Uyl + Uy
X3 = Upllyy — utzx Y4 = Uyy. (38)
() =1 = u%u Muy — 2uu,] Yo = (uu;Hu,,
2:3 = (uux)73[u2uf - M4I/ttbt)2( + Uty — uxutx]
4= u_lu;g[uiu,, — 2u g, + utzu”]. (39)
@) Xi=u Yo = xzu, Y3 = x%u,,
Yg= x5[x(l4x”rt — Usliy) — 2’4;2] (40)
4) 1= (du — xdHu~? Yo = u4u;4(u”uxx - ulzx . (412)
33, X4 are functionally-independent integrals of the first-order PDE
L-F@,0,p)=0
where
L =040 — 0023y — 0 (+/40 — 062 + 4p)d,
+[80 — 2046 — ab2 — 207 H(BO* + p?)]d,.
Variablesé, o, p and parameters, g in X3, X4 take the following form:

O =u o = u;3u” p= u;3(uxu” — Usllyy) anda = Xq B = 2.

Note that we have chosen in (2¢ju) = 0 andy (x) = %
Consequently, we have constructed the following classes of Galilei-invariant
equations (1):

W (J1, J2, J3, Ja, J5) = O (42)
where Jy, ..., Js are given in (34)—(37), and
W(Zy, By, X3, %4) =0 (43)

where X, ¥,, X3, 4 are given in (38)—(41).
The family of invariant equations (42) includes the Burger's equation

u; +uuy +u, =0

obtained by putting/; + J5 = 0, whereJ;, J5 are given in (36), and the Monge—Ampger
equation

2
Upylyy —U;, =0

obtained by putting/, = 0, whereJ, is give in (34) or (35) or (36).
The family of invariant equations (43) includes the modified Burger's equation

u,+%u)2€+u“=0

obtained by puttingz; + X4 = 0, whereXi, X4 are given in (38), and the Monge—Amper
equation, obtained by putting; = 0, whereXs is given in (38).
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5. Concluding remarks

We have shown that classification of equations invariant under some spacetime group
involves as a first step the classification of possible realizations by LVFs of the corresponding
Lie algebra. These realizations can be used for classificatibrorder scalar Galilei-
invariant PDEs withh > 2. Let us mention as an example the Korteweg—de Vries equation

Ui+ Uyey +uu, =0

which is invariant under classical Galilei alget4& (1, 1).

Since equations obtained admit by construction non-trivial Lie symmetry groups, one
can apply the symmetry reduction technique to find their exact solutions. This is done via
reduction of the two-dimensional PDEs (42), (43) to ordinary differential equations with the
help of special substitutions (invariant solutions) [1].

These and other related problems are under investigation now and will be a topic of our
future publications.
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